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ABSTRACT. In this paper we consider the Grobner bases of Grassman algebra and
their application to the algebraic geometry. Geometrical statements of construc-
tive type should be given in the coordinate-free form.

1. INTRODUCTION

We consider theorems of elementary geometry. It is well known that it is pos-
sible to prove algebraic geometry task using computer algebra methods, such as
Wu’s method and method of commutative Grébner bases [?], [?], [?]. Some kind of
theorems can be proven using the method of anticommutative Grobner bases.

Primarily, let us describe objects and tasks which will be regarded. We consider

geometrical theorems in m - dimensional space R™, where m € Nj.
Let {A;, As, A3, ..., A,} € R™ be points of the task. We treat these points as
vectors drawn from origin 0. All our theorems deal with statements of constructive
type in the coordinate-free form. Data of a theorem contains a finite number of
points Ai,..., A, and finite number of kq,...,k; - dimensional subspaces of R™,
ki,...,k < m and their properties. Let be m > (n — 1), because in general case n
points define a (n — 1) - space, and if we consider a space with m < (n— 1), we have
some limitations for initial independent points.

Then, geometrically, the outer product of two vectors A and B is the bivector
corresponding to the parallelogram obtained by sweeping vector A along vector B.
The parallelogram obtained by sweeping B along A differs from the parallelogram
obtained by sweeping A along B only in orientation. Let us consider the algebra
generated by points Ay, Ay, As, ..., A, with an outer product A A B, which is asso-
ciative and anticommutative: A A B = —B A A. This algebra is called Grassman
algebra. It can be proven easily, that the monomial is equal to zero, if it involves a
variable in the power of two or more. Dimension of this algebra is equal to 2" (the
number of all non-zero monomials).
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In Grassman algebra some geometrical statements may be formulated in these
terms as polynomials.

Let the theorem consists of a number of hypotheses of the constructive type
Hy, ..., H and a conclusion of the constructive type Conc. Then, these geometrical
statements correspond to polynomials hq,...,hs € Gr and conc € Gr.

In commutative Grobner bases method we have to introduce a coordinate system
(e1,...,€,), then all statements of constructive type are projected to the coordinate
subspace R? C R™:

II: R™ —_— R4
II1: Hz — HZ 7;:1,...,8
where H; is the statement in the space R?. All points Ay, ..., A, are also mapped

to the coordinate space:

m: A4 —  A(t,...,2%), i=1,...,n

q

and for each point A; in the space RY, j = 1,...,s in general case of coordinate
system we have to introduce ¢ new variables x{ , 1 =1,...,q9. So, we will have
s - q variables for the task. Moreover, if ¢ < (n — 1) < m we have an additional
limitation for points Ai,..., A, of the task, but we do not have this limitation in

the coordinate-free method.

We can also formulate statements of our task in terms of noncommutative free
algebra F' = (X,..., X,,). Let

<X1X2 + X2X17 cee aXn—an + Xan—1> = ]Ant q4F

be a two-side ideal in free algebra F'. We will call this ideal an ideal of relations
of anticommutativity. And let

FAnt = <X17 s 7X7L| X1X2 + X2X17 s ,anan + Xan71>

be a free algebra with generators X1, ..., X,, and relations of anticommutativity on
the generators. This algebra is isomorphic to the factor-algebra Fan >~ F/1an;.
So, we can formulate our statements in terms of algebra F4,,;. So, we get Hq, ..., H, €

Fa,: and Conc € Fap,.

And some kind of theorems can be proven both in Flj,; using noncommutative
Grobner bases method and in terms of Gr using anticommutative Grobner bases
method. But in this paper we are going to show, thatin general noncommutative
Grobner bases in Fy,,; are not equivalent to anticommutative Grobner bases in Gr.
And we have to use anticommutative Grobner bases in Gr, but not noncommutative
Grobner bases in Flu,,; to prove the theorems.

2. STATEMENTS OF THE CONSTRUCTIVE TYPE IN A COORDINATE-FREE FORM

In Chou’s collection of examples [?] of the two-dimensional geometrical tasks
there are some geometrical statements of constructive type, which can be written as
polynomials of their coordinates. And the first question is: which of these statements
can be rewritten in coordinate free form?
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It is easy to check that we get the following:

(1) the three points Ay, Ay, Az are collinear iff (A; — As) A (A — A3) = 0;

(2) the lines A; Ay and AzA, are parallel iff (A; — Ay) A (A3 — Ay) = 0;

(3) the point A divides the interval [A;; Ay in the ratio n : m iff m(As — A;) =
H(AQ - Ag) = 0.

Then, the second question is: which statements of an m - dimensional space can
be written as polynomials in Grassman algebra? And the third is: what kind of
polynomials of Grassman algebra may be treated as statements of algebraic geom-
etry?

Only the homogeneous polynomials can have geometrical sense in Grassman alge-
bra. Then the third question transforms into question: what kind of homogeneous
polynomials can be treated as statements of algebraic geometry?

So, we can formulate the following statements:

(1) (k + 2) points Ay,..., Agyo, K+ 2 < n < m + 1 belong to the same k -
dimensional subspace R* of R™: (A} — Agya) A+ A (Agyr — Agya) = 0 or
in other words point A belongs to k - subspace defined by the points

k42
Ain Ce ’Aik+1:
(A, — Aik+2) ARERNA (AikJrl - Aik+2) =0
where {i1,...,ig0} = {1,...,k + 2} as non-ordered sets

(2) two k - dimensional spaces are parallel S;||Ss C R™, this means that V (k+1)
points Ay, ..., Axrq € 51 and any 2 points By, By € Ss:

(Al —Ak+1)/\/\ (Ak —Ak+1) /\(Bl —Bg) :O

(3) (k + 2) points Ay,..., Agre, k+2 < n < m+ 1 belong to the same k -
dimensional subspace R* of R™ and the proportion is known:
a1 (A — Agpo) + - 4+ agr1(Agyr — Agae) =0, where aq, ..., a5 € R

(4) as the generalization of the previous expressions, that there is a linear de-
pendency among a finite number of k -vectors

Z a(il,...,ik)Ah A A Alk = O

(i1 yig ) ERE

For example, the statement ”two points are equal’ (A — B = 0) , meaning that
two points belong to the same 0 - dimensional subspace is a particular case of this
kind of statements.

Thus, all homogeneous polynomials may be treated as some statements of alge-
braic geometry.

The outer product of vectors and its properties do not allow formulate conditions
concerning angles and circles, thus we are not able to do this in terms of Grassman
algebra or in terms of Fla,; with operation A.
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3. GROBNER BASES IN GRASSMAN ALGEBRA

Let Gr be Grassman algebra of the variables x1, ..., x,, over the field K = R. This
is the associative anticommutative algebra, which consists of Grassman polynomials
z(il,m;ik) Q... Tiy N+ Az, . For all homogeneous polynomials f, g € Gr of degree
deg(f) = deg(g) = 1 we have f Ag = —gA f and f A f = 0. The maximal degree
of monomials in G7 is equal to n and the dimension of this algebra equals 2™.

So, we have

Gr = (21,9, ..., Ty, LY AN T2y ooy Ty 1 ATy ooy T A e A Tp).
Definition. Unsigned monomial in Gr is the combination u = z;; A --- Az, =
it A ANk with 1 <4y < -+ < g < n, where iy,...,1 are the indexes of a
variable with non-zero power in the product, and u; € {0,1}, j=1,...,n

By analogy with the commutative case, where the monomials can be treated as
points in Z", unsigned monomials of Gr can be treated as points
(ug,...,u,) € {0,1}" with non-zero members on the places iy, ..., for u = x;; A
e ANy, =aP AN A,

Example. For Gr = (x1,x9,23,74) and u = 21 A x4 we have iy = 1, iy = 4,
(U17 Ug, U3, U4) = (1, 0, O, ].) S {0, 1}4

Definition. Term is product of coefficient and unsigned monomial ¢t = a-u € G,
ae K.

We can also regard signed monomials m as a product of unsigned monomial u
and sign of the monomial (—1)°". Then m = (—1)?™ - u will be a particular case of
term. And any term can be regarded as product of signed monomial and a positive
coefficient a > 0: t = a- m, where m = (—1)%u, and u is the unsigned monomial.

Each polynomial p € Gr can be represented as a finite sum of terms:

dp
p= Z Ljp-
j=1

Definition. Product of two terms ¢, and ¢y, where t; = a - 2" A --- Az
with multidegree (aq,...,a,) € {0,1}" with non-zero components on the places
1<iy < <ip<nandty = B-25" A---Axb» with multidegree (by, ..., b,) € {0,1}"
with non-zero components on the places 1 < j; < --- < j; < n, be the term ¢ = t; Aty

t:{O, it ((a1,...,a0) A(b1,....ba)) % (0,...,0)
(a-B)-(=1)7 -z A---Aatr,  if ((a1,...,a0) A(b1,...,by)) = (0,...,0)

where (c1,...,¢,) € {0,1}" is a vector with non-zero elements on the places
1<h <---<hsg<n,s=k+1and as non-ordered set {hy,...,hs} is equivalent
the union of two non-ordered sets {iy,... it} U{j1,...,5i}, so that (g A---A¢,) =
(@ A+ Nay) (b, A---Aby). And o is the sign of alternating (i1, ..., ik, j1,- -, Ji)-
Example. If t; =521 Azy and ty = 3- 29, we have (aq, ag,a3,a4) = (1,0,0,1) €
{07 1}”, (bl,bQ,bg, b4) = (0, 1,0,0) S {O, ].}n, 11 = ]_, ig = 4 and jl = 2. SO,
deg(tl) =k =2 and deg(tg) == ]_, (al,ag,a37a4) /\(bl, bg,b37b4) = (0,0,0,0)7 g =
sign(1,4,2) = 1 and (¢y, ¢, c3,¢4) = (1,1,0,1). Thus t = t; Aty = —15- 21 Awg A xy.



GROBNER BASES FOR THE COORDINATE-FREE GEOMETRY 5

Definition. Signed monomial a = (—1)7-2{* A--- Az% with non-zero members
on the places 1 < iy < --- < i < n is divisible by signed monomial
b= (=1)%-a% A... Azl with non-zero members on the places 1 < j; < -+ <
gi < n, iff for two vectors (ai,...,a,), (b1,...,b,) € {0,1}" there are inequality
(ay,...,a,) > (b1,...,b,). This means that Vi € {1,...,n} a; > b;. And so
a = (—1)7"u A b, where u is unsigned monomial with multi-degree (us,...,u,) =
(a3 —by,...,a, — by,) with non-zero members on the places 1 < hy < -+ < hy < n.
and o, is the sign of alternating (hy,...,hs, j1,...,j1). Then, left divisor of the
monomial a by the monomial b is signed monomial m = (—1)7* - u.

Definition. Term t, = «4 - u, s divisible by term t, = «p - up, Where ug, uy
are unsigned monomials, iff o, # 0 and signed monomial m, = 1 - u, is divisible
by signed monomial my, = 1 - u,. This means, that there is an unsigned monomial
u, so that my, = (=1)7u A my. Then term t; = a - u, @ = (ag/ap) - (—1) so that
te = tiAt,. We say that t; is left divisor of £,. It can be seen, that the right divisor of
t, shall be t, = (—1)7"a- u, where o, is the sign of alternating (j1,..., 7, h1,..., hs)
and t, = t, A t,.

By definition, it is easy to construct algorithm to find left divisor of term ¢,
divided by the term ¢,: t; = LeftDivisor(term ¢,, term ¢,) and right divisor of term
t, divided by the term ¢,: ¢, = RightDivisor( term t,, term ;).

As in ring of commutative polynomials k[z1, ..., x,], we consider

ideals in Gr and Grobner bases of the ideals.

Definition. Set I <t Gr is an ideal in Gr iff:

(1)oel
(2) VfeGrVgel, then fAge Grand gA f € Gr
(3) Vf,g€ I, then (f+g) el

Definition. Admissible monomial order < on Gr is the order on terms with the
properties:

(1) < is linear

(2) if t1 # 0, to # 0 and t; < ty then V t3,14 so that t3 Aty Aty # 0 and
t3/\t2/\t47’é0then t3/\t1/\t4 <t3/\t2/\t4

(3) if t £ 0, then 0 < ¢

(4) each non-empty subset of monomials has its minimal element

By analogy with the commutative case, after setting order on all terms in Gr,
for each polynomial Gr > p = >, iy i@ A -+ A2 we can define the
leader term lterm(p) = « - u, where u is an unsigned monomial, and define leader
monomial lm(p) = u and leader coefficient lcoeff(p) = a.

By knowing the leader term in polynomial, we can introduce the result of division
of one polynomial by the second.

Definition. Let p;,p, € Gr and we say, that the polynomial p; is right divided
by the polynomial p, if there exist polynomials ¢, € Gr so that:

p1=qApy+r, and deg(r) < deg(ps)
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and ¢ will be called left divisor and polynomial r will be the reminder of division
polynomial p; by the polynomial ps.

We can introduce the right division algorithm in Gr as a particular case of the
following algorithm of obtaining the representation p; = a; Aps + -+ ap A pp + 1,
where as set {ps,...,pr} we take the only one polynomial ps.

Theorem. For polynomials p, p1,...px € Gr an algorithm of obtaining represen-
tation p = a; Apy + -+ ax A pr +r can be introduced, where a;,r € Gr and r =0
or r is a linear combination of monomials, which are not divisible by any monomials

Im(py), ..., Im(py).
Algorithm:

Input: pi,...,px,p € Gr
Output: a,...,a,,r € Gr

begin
a1 :=0;...a,:=0; 7r:=0
q:=p;
while ¢ # 0 do
1:=1;

IsDividing := false;
while ¢ < k and [sDividing = false do
if lterm(p;) divides lterm(q) then
t := LeftDivisor(lterm(q), lterm(p;));

a; == a; +t;
q:=q—tApi
else
=1+ 1;
endif
endwhile

if IsDividing = false then
r =1+ lterm(q);
q := q — lterm(q);

endif
endwhile
end
Proof. Termination of the algorithm: we have finite number of polynomial
{p1,...,pr} for enumerating, each polynomial has the finite number of terms and at

each step in while-loop we have reduction of polynomial ¢ by degree. And it is easy

to check, that on the each step the relation p = ay A py + - -+ + ax N pr + r holds.
Example. For example, using the lex order in which

Al<A2<A3<Bl<B2<Bg<M1<M2<M3

P = 1M3/\M2—1M3/\M1+1M2/\M1
P11 = 2M1—].Bl—]_A1
P2 = 2M2—1BQ—1A2
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The outcome of the above algorithm is

a; = —%Mg + %Mg

g = lMg — zllBl — %Al

r = §M3/\BQ—%Mg/\Bl—i-%Mg/\AQ—lMg/\Al—'—
+iB2 ABy — iBiANAs+ {Bo NAL + J A N A

So, we have a representation p = a; A p; + as Aps + 1.
Definition. Grdbner basis in Gr of the ideal [ is a set of polynomials gy, ..., gs €
I < Gr that
(Iterm(gy), . . ., lterm(g,)) = (Iterm(7))

by analogy with the commutative case. Gr is finite dimensional algebra, so any
ideal I <1 G'r is the finite dimensional, therefore any ideal has a finite Grobner basis
in Gr.

Theorem. If G = {g1,...gs} is Grobner basis of I < Gr and f € Gr is any
polynomial, then 3!r € Gr such that

(1) any monomial of r is not divisible by any monomial from lm(g;),...1m(gs)
(2) 3g € I so that f =g+
Definition. For each f, g € Gr we can define S-polynomial in Gr as a polynomial:

S(f,g) = LeftDivisor(m, lterm(f)) A f — LeftDivisor(m, lterm(g)) A g

where m is signed monomial so that m = / A lterm(f) = ¢/ A lterm(g) is the left
least common multiple of the monomials lterm(f) and lterm(g).

Proposition. Let a and b be terms in Gr, a = o - 2" A --- Azl and b =
Goabt A Axbrand o, B # 0, (ay,...,a,), (b1, ..., b,) € {0,1}". Then we can find
the least common multiple m as a term m = (—1)%y - z1"* A--- Az, where vector
(my,...,myp) = (ay,...,a,) V(by,...,b,) and coefficient v = lem(c, 3).

Proof. At first, a and b divide m, and second, there is no term m; so that m; is
divisible both by a and by b with the property m; < m.

Buchberger algorithm for finding Grobner bases in Grassman algebra is very sim-
ilar to that of the commutative case. For the detailed information see [?],[?]. But
in our case we have another algorithm for finding the least common multiple of two
terms and of calculating divisor of the term in the NForm function.

It follows from the theorem, that for polynomial p and set of polynomials D =
{h1,...,hs} there exists a representation:

p:Zak/\hk—i-T
k=1

where r may be found by the algorithm. So, we will call r =NForm(p, D) the result
of reduction of the polynomial p by the set D.
Algorithm:

Input: Ay, ... h,, € Gr
Output: a Grobner basis for ideal G = {¢1,...,9,} C (H), where H = {hy,..., hs}
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begin
G:=H
do
G =G
for each pair p #q € G’
S := NForm(S(p,q),G)
if S#0
G:=GU{S}
endif
while G = G’
end
Example. Ideal generated by hy, ... h;:

hl := 1A3/\A2—1A3/\A1+1A2/\A1

h2 = 1BQABl—1BQAA3+1Bl/\A3
h3 := 1B3/\Bg—1Bg/\A1—|—1Bg/\A1
h4 = 1B3/\Bl—1Bg/\A2—1Bl/\A2
ho:= 2-My—1-B;—1-4
h6:= 2-My—1-By—1-A;
R7:= 2-My—1-B;—1-A;

has the following the Grobner basis with respect to lex monomial order and
Al < A2 < A3 < Bl < B2< B3< M1< M2 < M3 order on variables:

1: 1«M3—-1/2%«B3—1/2x A3

2: 1xM2—-1/2%B2—1/2% A2

3: 1xM1—-1/2%+B1—1/2x% Al

4: 1*B2ANB3—-1xA1ANB3+1x A1 N B2

5: 1*BIANB3+1xA1ANB3—-1%xA3ANBl1+1%xA1 AN A3

6: 1xA1ANA3NB3

7: 1*A2AB3+1%xA1ANB3—-1%xA3AB1—-1xA2AB1+1% A1 AN A3
8: 1*BINB2+1xA1ANB2—-1xA2ABl1+1%x A1 N A2

9: 1*A3ANB2+1%xA1ANB2—1%xA3ABl1 —1%xA2ABl1+1x A1 N A2

10: 1xA1ANA2AN B2
11: 1xA1NA3AB1
12: 1xA1NA2AN Bl
13: 1xA2NA3—-1xAINA3+1x A1 N A2

and polynomial f=1-My AM; —1-M; ANMsg—1-MyANM;+1- My A M;s belong
to this ideal, and it is easy to verify that » = 0 for this polynomial.

4. NONCOMMUTATIVE GROBNER BASES IN FREE ALGEBRA AND RELATIONS OF
ANTICOMMUTATIVITY

The concept of noncommutative Grobner bases was studied in works [?],[?],[?],

2.
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Let us consider an associative noncommutative free algebra with unit 1 over the
field k: F = k(Xy,...,X,). Each element of this algebra can be represented as
finite sum in the form

Z Oé(jl""’jl)le c.. le.

(J15-00)

Introducing an order on the generators X;, < --- < X; , where {iy,...,i,} =
{1,...,n} as non-ordered sets, and the admissible order on the monomials, for any
polynomials

u = Z Uit X, - X5,
(J1sesdt)
and
v = Z aq(fl’””i’v)Xil X,

iy
(150+401,)

we can define the leading monomials

Im(u) = afjl""’jlu)le X
and
Im(v) = alw)X; X

Zlv
Since we have considered a free algebra over a field, we can normalize these poly-
nomials having the leading coefficients become equal to unit. So, we assume that
Im(u) = Xj, ... Xj, and Im(v) = X;, ... X, .
Definition. We consider all compositions of two monomials Im(u) and Im(v).Two
monomials have a composition f(u,v), iff the end of the first monomial is equal to
the beginning of the second one, namely, in our case there are an integer m > 0

and a set of indexes pi,...,py such that Im(u) = X; ... X; X, ...X, and

Im(v) = X,, ... X, Xi,py - .- Xi, . Then, the composition is equal to
flu,v) =X, .. X Xy X Xy Xy, = Im(u)v; = uy lm(v),
where v = Xierl . Xilv and Uy = Xj . leu—m'

Since any monomial can be represented as a finite noncommutative product of the
generators, there is at most a finite set of compositions for each pair of monomials.
Example. Let F = R(X;, Xy, X3, X4) be free algebra over R, M; = X3 X, X3X,
and My = X, X3X,4X; be monomials in . We can construct the set of all compo-
sition of monomials M; and My: {f;(M;, Ms)} and find sets {(v},u})} of left and
right multiples:
M1 : X1 X4 X3 X4
M2 X4 X3 X4 X1
Here we have the first composition fl(Mla MQ) = )(1)(4)(3)(4)(3)(4)(17 ’U% = X3X4X1,
u; = X1X4X3. For the second composition we can construct the relation:

M1: X Xy X3 Xy
M2 . X4 X3 X4 X1



10 IRINA J. TCHOUPAEVA

And we obtain fo(My, My) = X1 X4 X3X4 X1, v? = X; and u? = X;. As we can see,
the set of composition { f(M;, M)} is not equal to the set {f(Ma, M7)}. So, in this
case we have only one composition fi(Ms, M):

M1 : X1 Xy X3 Xy
M2 X4 X3 X4 X1

Here we have fl(M27 Ml) = X4X3X4X1X4X3X4, ”U% = X4X3X4 and u% = X4X3X4.

Definition. Having obtained all compositions of leading monomials of two poly-
nomials, one can write a finite number of noncommutative S - polynomials, which
can be constructed as

S(u,v) = ugv — uwy.

Note, that this definition depends on the order of polynomials, hence {S;(u,v)} #
{8 (v, u)}.

Definition. The monomial x = X, ... X, s divisible by the monomial y =

Xy, ... Xy, iff the monomial y is the substring of the monomial x so that

T = Yieft Y Yright-

Example. In F' = R(X;, X, X3, X4) monomial M; = X; X3X,Xj3 is divisible by
the monomial Mg = X3X4, and Yieft = X1 Yright = X3.

Definition. Polynomial p; with the unit leading coefficient is reducible by a
polynomial py with the unit leading coefficient iff the leading monomial lm(p;) is
divisible by the leading monomial Im(ps) so that lm(p;) = alm(p2)3, where a and
[ are some monomials.

Definition. The result of reduction shall be the polynomial

Py = p1 — apaf.

Noncommutative Grobner bases of an ideal I are determined by analogy with the
commutative case, as a complete system of relations, which generate this ideal. But
it this case Grobner basis may be infinite.

The Buchberger algorithm is the same, however, the definitions of division, re-
duction and S - polynomial are different. And result of division of one monomial
by another is not unequivocally defined. Thus, as a result of y,.;+ we choose the
shortest element of all possible elements in our algorithm, for definiteness. So, we

can rewrite the Buchberger algorithm in this case with correction:
Algorithm:

Input: Hy,...,H,,e F
Output: a Grobner basis for ideal G = {¢1,...,9,} C (H), where H = {hy,..., hs},
if there exists finite Grobner basis for this ideal

begin
G:=H
do
G =G

for each pair p # g € G’
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S = {Sz<pa Q)}_U {S](Q7p)}
foreach S e S
SeS
S := NForm(S(p,q),G")
if S0
G:=GU{S}
endif
endforeach
while G = G’
end
Theorem. Let [4,, = (X;X; + X;X; Vi < j ) be two-side ideal in F' of rela-
tions of anticommutativity. Let be F'/I4,; the factor algebra and free algebra with
relations of anticommutativity

FAnt - <X1, e ,Xn| X1X2 —|— XQXl, e ,Xn_an —|— Xan_1>

This algebra is isomorphic to the factor-algebra Fla,; >~ F/1 4.
Proof. Taking natural mapping

v FAnt E— F/]Ant

vioop — {p+ L}
and verifying algebra operations on classes of equivalence in F'/14,; and correspond-
ing elements in F4,,; we have the isomorphism.

For applying noncommutative Grobner bases method we consider Fly,,; and oper-

ations on this algebra. But before processing of the theorem
T = {[H;,...,H,]; Conc} we modify set of hypotheses into T" = {[H], ..., H, X; X;+
X;X; Vi< j];Conc} and apply our algorithm to T".

5. NONCOMMUTATIVE GROBNER BASES FOR THE ANTICOMMUTATIVE ALGEBRA

At the beginning, we tried to apply noncommutative Grébner bases method to
prove this kind of geometrical theorem. But we discovered that some generally true
theorems, which can be represented as set of statements of constructive type, can
not be proven using this technique. However, they can be proven in the technique of
anticommutative Grobner bases in Gr. In the [?] the authors regarded correspond-
ing properties in the free algebra F' = (Xi,...,X,) and algebra of commutative
polynomials k[z1,...,z,|. By analogy, we regard the corresponding properties of F
and Gr = Gr(A, ..., A,) with the anticommutative product A.

Let I <1 Gr be an ideal in Gr and v be a natural mapping

v: Fw— Gr

taking X; to A; for all 1 < i < n. Then define J C F as the set J = y~1(I). And
we obtain
F/J~Gr/l.
We can define also a map
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Taking as the initial representative of class v~ *(f) for f € I C Gr the element
d(f), it is easy to prove that J/I4,; =~ I, by verifying all operations.
And if I < Gr is generated by the polynomials hq, ..., hs, and relations of anti-
commutativity {X; X, + X;X; Vi< j} C F and
then
F/J ~ (F/Ian)/{5(h1)...0(hs)) ~ Fan/{(6(h1)...5(hs)) ~ Gr/I.

It can be verified also by checking operations on the corresponging elements.

And we can calculate a noncommutative Grébner basis for J. So, if we have
hypotheses Hi,...,Hs; € F and conclusion Cons € F' and try to verify if Conc
belongs to the ideal .J, by calculate normal form of the conclusion NForm(Conc, J)
we have

NForm(Conc, <H1, ooy Hy, XZX] + X]Xl Vi <7J >) =0in F

4
NForm(y(Conc), (v(Hi),...,v(Hs))) =01in Gr

but
NForm(cone, (hy,...,hs)) =0in Gr

¥
NForm(d(conc), (§(h1),...,0(hs), X;X; + X,;X; Vi<j))=0inF

Because, conception of division in F' and in Gr are not the same and m; divide my
in Gr do not imply that M; = 0(my) divides My = §(my) in F. Thus, if there exists
a reduction

P1 —p, Py # Pi=0m) 8(p2) P
where lm(p;) = myq, lm(py) = mo, Im(d(p1)) = My and Im(d(p2)) = M.

Example. Let be my = 2z, and m; = xyz. In Grassman algebra msy divides m,
and m; = (—1) - y me. But in F we obtain My = XZ, M; = XY Z and M, is not
substring of M;, that means that M, does not divide M in F'. In class of equivalence
of My in F/(X;X; + X;X;, Vi < j ) there exists an element YZX which has the
substring Ms, however we can not apply techniques of noncommutative Grobner
bases to our case.

6. GROBNER BASES METHOD APPLIED TO THE COORDINATE-FREE GEOMETRY

To prove this kind of theorems, which are formulated in the coordinate-free form,
the theory of anticommutative Grébner bases may be applied. The system of poly-
nomials corresponding to the hypotheses of the theorem are considered as generators
of an ideal in Grassman algebra.

Let the theorem consist of a number of hypotheses of the constructive type
H;,...,Hs and a conclusion of the constructive type Conc. Then, these geomet-
rical statements correspond to polynomials hq, ..., hs € Gr and conc € Gr.
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Grassman algebra is generated by points of our theorem Aq,..., A,,
Gr = Gr(Ai,...,A,). Geometrical statements (hypotheses of the theorem) are
formulated as polynomials in Gr:

hl(Al,...,An) == 0

ho(Ay, ..., Ay) =0

Let be G = {g1,...,9,} C I < Gr the finite Grébner basis of the ideal I. We can
find it using the previous algorithm.

Definition. Let {hy,...,hs} C Gr be a set of polynomials corresponding to
the hypotheses of the theorem and conc € Gr be a polynomial corresponding to
the conclusion of the theorem. We say, that theorem is generally true , if for each
partial solution (AY,..., A%) of the system h; = 0,..., h, = 0, we have
conc(AY, ..., A%) = 0.

Definition. Let I << Gr be an ideal in Grassamn algebra. The radical of the
ideal be VI={f€Gr|3ImeN fm#£0, f~clI}.

Definition. Let Hom(Gr) be a set of all homogeneous polynomials of Gr, and
Homy (Gr) be a set of all homogeneous polynomials of Gr of degree k.

Proposition. If k£ is the field of coefficients of Gr(Ai,...,A,), then Gr =
R @ Hom, (Gr) @ - - - @ Hom,, (Gr).

It is easy to check.

Proposition. For each f € Hom(Gr), 1 < k < n we have f"™! = 0.

Note, that for formulating theorems we use only homogeneous polynomials of
Grassman algebra with degree deg(f) > 1.

Proposition. Let I < Gr, then VI = {feGr|d31<m<nfm™#£0, f"el}.

From this proposition we have to check only finite number of property f €
I,...f* eI for checking the property if f € /1.

The property f € I is equivalent to zero reducibility of this polynomial f by G:

NForm(f,G) =0 in Gr.

The following algorithm let us to check if f € VI in Gr:
Algorithm:

Input: I < Gr, f
Output: the answer if f € VI
begin
Calculate Grobner basis of I: G
InRadical = 0;
for k=1 to n do
fk=f*
if (fk #0) then
NF=Nform (f, G);
if (NF =0) then
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InRadical = InRadical + 1;
endif
else
break;
endif
endfor
if (InRadical > 0) then
return f € /I
else
return f & /I
endif

end

Thus, the idea is to take the theorem of constructive type, reformulate it as a
set of polynomials in Gr, calculate Grobner basis of the ideal generated by these
polynomials and verify whether f € /T in Gr or not. If the result is f € v/I, then
the theorem is generally true, otherwise we do not know if the theorem is generally
true. Most of generally true theorems can be verified by using this method. The
hypothesis is that if f & /I, then the theorem is not generally true. This means
that (the theorem is generally true) <= ( conc € \/(h1,...,hs) ) in Gr, but this
fact needs to be proved.

In the commutative case, for the description of hypotheses and conclusions we use
the equations for the coordinates of the points, and algorithm for checking f € /T is
much complicated. But in commutative case we have the equivalence (the theorem
is generally true) <= ( conc € \/(h1,...,hs) ) in k[xq, ..., z,)].

7. DESCRIPTION OF THE IMPLEMENTED ALGORITHM

As we can see, we can use noncommutative and anticommutative Grobner bases
method for the geometrical theorems in coordinate-free for, but in CAS Maple V,
functions which are able to make similar calculations have yet to be revealed. Thus,
the algorithm for computing the noncommutative and anticommutative Grobner
bases and normal form of the polynomial with rational coefficients have been im-
plemented. First, the project NCBG (NonCommutative Grobner Bases) consists
of functions which were able to calculate noncommutative Grobner basis in free al-
gebra with relations of anticommutativity with integer coefficients. Then, on the
basis of it K.J.Andreev implemented other project ncbg for calculating noncommu-
tative and anticommutative Grébner bases with rational coefficients. This software
includes the interface module, which let us input data of the theorem at the internal
metalanguage as a statements of constructive type. And some theorems were proven
and analyzed by using this software.

The main algorithm in the program is the following:

Algorithm:

Input: points Ay,..., A,, order, hypothesis Hy, ..., H,, conclusion Conc
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Output: The answer if the theorem is true in general.
begin
reformulate statements into polynomials
Hy, ..., H,, Conc — Hy,...,H,, Conc
check if Conc € by \/(Hy, ..., Hy)
if (Conc e \/(Hy,...,Hy) )
return "The theorem is generally true”;
else
return ”We have not the answer”;
endif
end
Some theorems can be proved both in noncommutative case with relations of
anticommutativity and anticommutative case, but the other theorems can be proved
only by using anticommutative Grobner bases theory.
The project ncbg was implemented in C++ and used the main Buchberger al-
gorithm. We are planning to improve strategy of computing Grobner basis in the
future.

8. THE DIMENSION OF THE TASK

So, we have a comprehensive space R™, and the task with its n points A,..., A, €
R™ and its.
Let Spy, the set of statements defined that all points of the task belong to the same
k - dimensional space (for each set of points {4;,,...,A;, ,} C {A,..., Ay} can be
constructed a polynomial by using previous rules). We obtain C**2? polynomials.
For the fixed 1 < k < m there are two kinds of the theorems, which we consider:
(1) hypotheses of the theorem H = {H,, ..., H,} imply the statement, that all
points of this theorem lie in the same k - dimensional subspace R* of R™
(2) all other theorem

For the first class of theorem, we obtain the following:

{Hy,...,Hs} = {Spi}
{Hy,...,H} = Conc

It would be noticed, that if we have n point Ay, ..., A, in the task, then for any
compatible set of hypotheses we have

{Hl, C ,HS} = {Spn,l}

because any of n points belong to the same (n — 1) - dimensional space. And it easy
to verify, by using Grobner bases method. And we have that for VT 31 < k(T) < m
so that {H;,...,Hs} = {Sprm)}

From the other hand, for any 1 < k < m we have

{Spx} = {Sprt1}

and it can be verified by using Grobner bases method too.
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And we have the following:
({Hy,...,Hs} = Conc) = ({Hy, ..., H, Spr} = Conc)

It means that theorem is generally true in R™, then the projection of this theorem
to the subspace R¥ C R™ is also generally true in R¥, V1 < k < m.

So, we obtain, if {Hj,..., H} = {Spx} and the theorem is generally true, then
this theorem is generally true in any subspaces Spy for 0 < k <n — 1.

Definition. Dimension of the theorem is a minimal number k: 1 < k£ < m so
that {Hy, ..., Hs} = {Spi};

For finding the dimension k(T) of the theorems we can use the following algorithm:

Algorithm:

Input: T = {H;, ..., Hs; Conc}
Output: k(T)
begin
for i=0 to n—1 do
Prove ({Hy,...,H,} = {Sp;})
if (TRUFE) then
return ¢
endif
endfor
end
We can see, that dimension of the theorem is the property of the hypotheses. And
in the other words, dimension of the theorem in the minimum number 1 < k(T) <
(n—1):
{Hl, . ,HS} = {Spk('ﬁ‘)}
This number k(T) exists for each theorem, because for any set of hypotheses H, . .., H,
the theorem T" = {HY, ..., H.;Sp,—1} will be generally true. Note, that if

{H, ... ,Hs, Spr} = {Conc},
then
{H, ... ,Hs, Spp—1} = {Conc}.

We can consider the common property of hypotheses and conclusion of the theo-
rem as the maximum number 1 < d(T) < m so that

{H17 o 7HS7 Spd(']r)} = {COTLC}.

Using information about dimension of the theorem, we can make some remarks
about finding additional conditions for the data, if the theorem is not generally true
in R™. For example, if we find 1 < k(T) < m:

{]HL .. ,Hs} = {Spk(jf)}
but
{H,...,H,} # {Conc}
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we can try to find the maximum dimension d(T) of the space in which this theorem
is generally true :

{H’ ... ,HS, Spd(’]]‘)} = {(COTLC}.

Additional conditions Spger) will be restrictions for the A;,..., Ay, if 1 < d(T) <
k(T). This number d(T) exists for each theorem, because for any set of hypotheses
H,...,H,, and any conclusion Conc the theorem T = {Hj,...,H., Spy; Conc'}
will be generally true.

So, the algorithm for finding d(T) is the following:

Algorithm:

Input: T = {H,, ..., H,; Conc}, k(T)
Output: d(T)
begin
For i=Fk(T) to 1 do
Prove ({Hy, ... ,Hs, Sp;} = {Conc})
if ('RUFE) then
return ¢
endif
endfor
end
Example. For example, the Gauss line theorem [?]| the hypotheses imply that
all points belong to the same plane (it is easy to check). So, in this theorem we have
{H,,...,H;} hypotheses, and ({Hj,...,H;} = {Spo}). Thus k(T) = 2.
But in the Pappus theorem [?] hypotheses of 9 points do not imply this property
Sps. Moreover, this theorem is not generally true in the spaces R/ with 9 > f > 3

and d(T) = 2.
If we use the coordinate method, we add the properties of the ¢ - dimension space,
when we introduce the coordinate system (eq, ..., e,). This is equivalent to adding

properties Sp, to the hypotheses. Therefore, in coordinate-free method we have to
reformulate all hypotheses, if ¢ < m, when we try to find the dimension of the task
and the additional conditions.

9. ADVANTAGES OF THE COORDINATE-FREE METHOD

e we analyze the dimensional of the theorem k(T) and the maximum size of
the space in which the theorem is generally true d(T). We can do it also in
the coordinate case. But it is required from us much more efforts. Either
we have to take size of coordinate system ¢ > (n — 1) or on each step of
algorithm reformulate all conditions into new coordinate system with ¢’ > q.
But, in coordinate-free case we can do it without such efforts

e in coordinate case we have to make the preliminary analysis by choosing the
good coordinate system to minimize number of equations. And this analyse
we have to do for each theorem before checking it automatically. But in



18

IRINA J. TCHOUPAEVA

coordinate-free case we have no coordinate system and do not need to make
this analyses

e in general coordinate case without preliminary analysis by choosing the good
coordinate system we have ¢-n variables, but in coordinate-free case we have
only n variables, where n is the number of points in the theorem and ¢ is the
number of coordinate orts

e it is easier to interpret Grassman polynomials as geometry expressions

e all polynomials in the Buchberger algorithm can not have degree higher
than n (where n is number of points in the task), but it is a problem in
commutative case
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